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1. Introduction and summary

AdS/CFT correspondence [1] relates the spectrum of free strings on AdS5× S5 with that

of the spectrum of operator dimensions in the N = 4 super Yang-Mills (SYM) in four

dimensions. This mapping is highly nontrivial and challenging. A better understanding of

this mapping will be to look at both the gauge and gravity theories at certain limits such

as large angular momentum limit and then compare the spectrum. In the understanding

the gauge/gravity duality, an interesting observation is that the N = 4 SYM theory can be

described by the integrable spin chain model where the anomalous dimension of the gauge

invariant operators were found [2 – 8]. It was further noticed that the string theory also

has as integrable structure in the semiclassical limit and the anomalous dimension in the

N = 4 SYM can be derived from the relation between conserved charges of the worldsheet

solitonic string solution on the dual string theory on AdS5× S5. In this connection, Hofman

and Maldacena (HM) [9] considered a special limit where the problem of determining the

spectrum of both sides becomes rather simple. The spectrum consists of an elementary

excitation known as magnon which propagate with a conserved momentum p along the

long spin chain. In the dual formulation, the most important ingredient is semiclassical

string solutions, which can be mapped to long trace operator with large energy and large

angular momenta. Once this connection was established, there was a lot of work devoted

to understanding of this correspondence (see for example [10]–[26]).

To understand the AdS/CFT like correspondence in a more general background, it

is interesting to find out dispersion relation among various conserved charges in case of

classical rotating strings in the gravity side and then to look for the corresponding oper-

ators in the dual theory. For example, the magnon like dispersion relation in NS5-brane

background was considered in [27].

An interesting background configuration is the I-brane background [28], which is the

intersection of two stacks of NS5-branes in type II string theory on R1,1. When all the five

branes are coincident, the near horizon geometry of this configuration is given by [28]1

R2,1 ×Rφ × SU(2)k1 × SU(2)k2 , (1.1)

1See [29] for related background and for the gauge theory results.
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where Rφ is one combination of two radial directions away from two sets of NS5-branes,

k1 and k2 are the number of NS5-branes in each stack. The coordinates of R2,1 are x0, x1

and one more combination of two radial directions. The two SU(2)s corresponding to two

angular three spheres corresponding to (R4)2345 and (R4)6789. The very fact that (1.1)

is an exact solution to string equations of motion allows us to obtain information about

the intersecting brane system more, which is not accessible via gauge theory. As it is clear

from (1.1) the exhibits a higher symmetry than the full intersecting brane configuration. In

particular, the combination of radial directions away from the intersection that enters R2,1

appears symmetrically with the other spatial directions, and the background has a higher

Poincare symmetry, ISO(2, 1), than the expected ISO(1, 1). The holographic mapping be-

tween field theory living on the I-brane and the corresponding bulk theory was studied

in [28].2 On the other hand it is also well known from the study of AdS/CFT correspon-

dence that it is possible to derive more information about the boundary CFT theory from

the study of the semiclassical string and D1-brane configurations in the bulk of AdS5.
3

Motivated by the recent developments in the AdS/CFT correspondence, we will inves-

tigate the classical string dynamics in the I-brane background to understand the rotating

string solutions. These string solutions correspond to multispin string solutions on the

I-brane background and solitonic string solution in the worldsheet point of view. Due to

the lack of sufficient knowledge about the theory on the worldvolume of the I-brane we

can’t compare them with the dual theory. However the knowledge about the semiclassi-

cal rotating string on the I-brane certainly gives information about the possible nature of

operators in some dual theory.

In this background, the solitonic string solution which are static and uniformly wrap-

ping the two transverse spheres, and the dispersion relation among various conserved

charges were studied in [43]. Here, we will generalize this solution to the rotating one

in the transverse spheres and find the dispersion relation among various charges. To do so,

we will first solve the equations of motion for a string rotating simultaneously on both the

spheres and then by using the Virasoro constraints the dispersion relation will be expressed

in terms of various conserved charges that the background obeys in general. Usually, in

case of the giant magnon on R × S3, the energy and one of the angular momenta for one

giant magnon are infinite but their difference is finite. In the I-brane background, on the

other hand, which has also R×S3 or R×S3 ×S3, the string soliton is composed of multi-

ple magnon-like solutions and one of them, we call this magnon-like solution, has a similar

shape to the giant magnon on R × S3. However, the dispersion relation for magnon-like

one is different in that it contains additional linear momenta in two radial directions and is

described by the finite conserved charges. We would like to note that on the I-brane back-

ground all conserved charges are regularized, so have finite values. If we choose the range

of the world sheet string coordinate as −∞ < σ <∞ like HM case [9] or −π/2 < σ < π/2

, the string soliton becomes a combination of infinite magnon-like solutions or finite num-

bers. For the closed string case, since −π < σ < π the solitonic string is given by the finite

2For some relevant works, see [30 – 39]
3For review, see [40 – 42].
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numbers of the magnon-like solutions.

We would like to mention that in general getting magnon/spike solutions in I-brane

background is rather cumbersome. However, we will present in this paper, a parameter

space of solutions where there exists a magnon like shape when we restrict the motion

of the string along both the spheres. It would be certainly interesting to find out more

general rotating string solutions in this backgrounds. A greater challenge will be to find

out the dual operators in the worldvolume theory which correspond to the semiclassical

string solutions presented in this paper.

The rest of the paper is organized as follows. In section 2, we present the background

solution corresponding to the intersection of two five-branes on R1,1 in type IIB string

theory and study the equations of motion and Virasoro constraints of the fundamental

string rotating simultaneously along both the spheres. Section-3 devoted to the study

the rotating string solution interpreted as a single magnon like solution while the motion

is restricted to only one sphere. We present the corresponding dispersion relation along

various charges and interpret that solution as a single magnon solution. Further we present

a more general solution when the string moves simultaneously along both the spheres. We

analyze the results in a particular parameter space of solutions. Finally in section-4, we

present our conclusions.

2. F-string in the background of I-brane

In this section we will study the dynamics of fundamental string in the background studied

in [28]. Namely, we consider the intersection of two stack of NS5-branes on R1,1. We

have k1 number of NS5-branes extended in (0, 1, 2, 3, 4, 5) directions and another set of k2

number of NS5-branes extended in (0, 1, 6, 7, 8, 9) directions. Let us define

y = (x2, x3, x4, x5) ,

z = (x6, x7, x8, x9) . (2.1)

We have k1 NS5-branes localized at the points zn n = 1, . . . , k1, and k2 NS5-branes localized

at the points ya , a = 1 . . . , k2. Every pairs of fivebranes from different sets intersect at

different point (ya, zn). The supergravity background corresponding to this configuration

takes the form

Φ(z,y) = Φ1(z) + Φ2(y) ,

gµν = ηµν , (µ, ν = 0, 1) ,

gαβ = e2(Φ2−Φ2(∞))δαβ ,

Hαβγ = −ǫαβγδ∂δΦ2 , (α, β, γ, δ = 2, 3, 4, 5) ,

gpq = e2(Φ1−Φ1(∞))δpq ,

Hpqr = −ǫpqrs∂sΦ1 , (p, q, r, s = 6, 7, 8, 9) , (2.2)

– 3 –
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where Φ on the first line means the dilaton and where

e2(Φ1−Φ1(∞)) = 1 +

k1
∑

n=1

l2s
|z − zn|2

,

e2(Φ2−Φ2(∞)) = 1 +

k2
∑

a=1

l2s
|y − ya|2

. (2.3)

Our goal is to find solutions for rotating string in this background when zn = ya = 0. To

simplify our notation let us denote

e2(Φ1−Φ1(∞)) = H1(z) , e2(Φ2−Φ2(∞)) = H2(y) , (2.4)

where for coincident branes we have

H1 = 1 +
k1l

2
s

|z|2 , H2 = 1 +
k2l

2
s

|y|2 . (2.5)

Let us now consider the probe brane in the near horizon limit where

k1l
2
s

|z|2 ≫ 1 ,
k2l

2
s

|y|2 ≫ 1 (2.6)

so that we can write

H1 =
λ1

r21
, λ1 = k1l

2
s , H2 =

λ2

r22
, λ2 = k2l

2
s . (2.7)

Then the metric takes the form

ds2 = −dt2 +
λ1

r21
dr21 +

λ2

r22
dr22 + λ1dΩ

(3)
1 + λ2dΩ

(3)
2 , (2.8)

where dΩ
(3)
1 and dΩ

(3)
2 correspond to the line elements on the unit sphere. To describe

them better we introduce the following coordinates

x2 + ix3 = r1 cos θ1e
iφ1 , x4 + ix5 = r1 cos θ1e

iψ1 ,

x6 + ix7 = r2 cos θ2e
iφ2 , x8 + ix9 = r2 cos θ2e

iψ2

(2.9)

so that

dΩ
(3)
1 = dθ2

1 + sin2 θ1dφ
2
1 + cos2 θ1dψ

2
1 ,

bφ1ψ1
= λ1 cos2 θ1 , 0 < θ1 <

π

2
, 0 = φ1, ψ1 < 2π ,

dΩ
(3)
2 = dθ2

2 + sin2 θ2dφ
2
2 + cos2 θ2dψ

2
2 ,

bφ2ψ2
= λ2 cos2 θ2 , 0 < θ2 <

π

2
, 0 = φ2, ψ2 < 2π . (2.10)
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As usual our starting point is the Polyakov form of the string action in the background (2.8)

S = − 1

4πα′

∫ π/2

−π/2
dσdτ [

√−γγαβgMN∂αx
M∂βx

N − eαβ∂αx
M∂βx

NbMN ] +

+
1

4π

∫ π/2

−π/2
dσdτ

√−γRΦ , (2.11)

where γαβ is a world-sheet metric and R is its Ricci scalar. Further, eαβ is defined as

e01 = −e10 = 1. Finally, the modes xM ,M = 0, . . . , 9 parameterize the embedding of

the string in the background (2.8). The variation of the action (2.11) with respect to xM

implies following equations of motion

− 1

4πα′

√−γγαβ∂KgMN∂αx
M∂βx

N +
1

2πα′ ∂α[
√−γγαβgKM∂βxM ]−

− 1

2πα′ ∂α[ǫ
αβ∂βx

MbKM ] +
1

4πα′ ǫ
αβ∂αx

M∂βx
N∂KbMN +

1

4π
∂KΦ

√−γR = 0 .

(2.12)

Finally the variation of the action with respect to the metric implies the constraints

− 4π√−γ
δS

δγαβ
=

1

α′ gMN∂αx
M∂βx

N −Rαβ +

+(∇α∇βx
M )∂MΦ + (∂αx

M∂βx
N )∂M∂NΦ −

−1

2
γαβ

(

1

α′γ
γδ∂γx

M∂δx
NgMN −RΦ + 2∇α∇αΦ

)

. (2.13)

As the first step let us introduce two modes ρ1 and ρ2 defined through the relations

r1 = e
ρ1√
λ1 , r2 = e

ρ2√
λ2 . (2.14)

Then, following [28] we introduce two modes r, y through the relation

Qr =
1√
λ1
ρ1 +

1√
λ2
ρ2 , Qy =

1√
λ2
ρ1 −

1√
λ1
ρ2 , (2.15)

where

Q =
1√
λ
,
1

λ
=

1

λ1
+

1

λ2
. (2.16)

Note that the inverse transformations of (2.15) take the forms

ρ1 =
1√

λ1 + λ2

(

√

λ1y +
√

λ2r
)

,

ρ2 =
1√

λ1 + λ2

(

√

λ1r −
√

λ2y
)

. (2.17)

Note that this result implies that the dilaton is a function of r only

Φ = Φ1 + Φ2 =
1

2
(H1 +H2) + Φ1(∞) + Φ2(∞) =

= − 1√
λ1
ρ1 −

1√
λ2
ρ2 + Φ0 = −Qr + Φ0 . (2.18)
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With the help of the variables r, y the action for string in I-brane background takes the

form

S = − 1

4πα′

∫ π/2

−π/2
dσdτ [

√−γγαβ(−∂αt∂βt+ ∂αr∂βr + ∂αy∂βy +

+gmn∂αx
m∂βx

n − eαβ∂αx
m∂βx

nbmn] −
1

4π

∫ π/2

−π/2
dσdτ

√−γRQr , (2.19)

where xm,n label angular coordinates corresponding to S3
1 , S

3
2 respectively.

Looking at the form of the background (2.8) and (2.10) we observe that the ac-

tion (2.19) is invariant under following transformations of fields

t′(τ, σ) = t(σ, τ) + ǫt ,

y′(τ, σ) = y(τ, σ) + ǫy ,

ψ′
1(τ, σ) = ψ1(τ, σ) + ǫψ1

,

ψ′
2(τ, σ) = ψ2(τ, σ) + ǫψ2

,

φ′1(τ, σ) = φ1(τ, σ) + ǫφ1
,

φ′2(τ, σ) = φ2(τ, σ) + ǫφ2
, (2.20)

where ǫt, ǫy, ǫφ1
, ǫφ2

, ǫψ1
, ǫψ2

are constants. Then it is straightforward to determine corre-

sponding conserved charges

Pt = − 1

2πα′

∫ π/2

−π/2
dσ

√−γγτα∂αt ,

Pψ1
=

1

2πα′

∫ π/2

−π/2
dσ[

√−γγταgψ1ψ1
∂αψ1 − ∂σφ1bφ1ψ1

] ,

Pψ2
=

1

2πα′

∫ π/2

−π/2
dσ[

√−γγταgψ2ψ2
∂αψ2 − ∂σφ2bφ2ψ2

] ,

Pφ1
=

1

2πα′

∫ π/2

−π/2
dσ[

√−γγταgψ1ψ1
∂αψ1 + ∂σψ1bφ1ψ1

] ,

Pφ2
=

1

2πα′

∫ π/2

−π/2
dσ[

√−γγταgψ2ψ2
∂αψ2 + ∂σψ2bφ2ψ2

] ,

Py =
1

2πα′

∫ π/2

−π/2
dσ[

√−γγταgyy∂αy] . (2.21)

Note that Pt is related to the energy as Pt = −E. In [43] the homogeneous string and

D1-brane solutions in I-brane background have been studied.4 It was argued that it is

necessary to find the configuration when string moves on both two spheres simultaneously.

For that reason we have to consider an ansatz where string moves simultaneously on both

4Dynamics of D1-brane probe in given background was studied in [39, 38].
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the spheres S3
1 and S3

2 as follows

t = t(τ), r = r(τ), y = y(τ),

θ1 = θ1(m) , ψ1 = ω1τ + g1(m) , φ1 = ν1τ + h1(m) , (2.22)

θ2 = θ2(m) , ψ2 = ω2τ + g2(m) , φ2 = ν2τ + h2(m) ,

where

m = ασ + βτ (2.23)

and we also consider solution in the conformal gauge γαβ = ηαβ . In this gauge the con-

straints (2.13) that now follow from the variation of the action (2.19) take simpler forms

Tσσ = −4π
δS

δγσσ
=

1

2α′ (gMN∂σx
M∂σx

N + gMN∂τx
M∂τx

N ) −Q∂2
τρ ,

Tττ = −4π
δS

δγττ
=

1

2α′ (gMN∂σx
M∂σx

N + gMN∂τx
M∂τx

N ) −Q∂2
σρ ,

Tτσ = −4π
δS

δγστ
=

1

α′ gMN∂σx
M∂τx

N −Q∂σ∂τρ . (2.24)

Further, in conformal gauge the equations of motion for t, y, r take the form

∂α[η
αβ∂βt] = 0 , ∂α[ηαβ∂βr] = 0 , ∂α[ηαβ∂βy] = 0 (2.25)

that have solutions

t = κτ , r = vrτ + r0 , y = vyτ + y0 (2.26)

for constants κ, vy, vr, r0, y0.

Now we are going to study the dynamics of fundamental strings on both three S3
1 , S

3
2 .

We start then with the equations of motion for φ1 and ψ1. It can be easily shown that

these equations imply two differential equations

h′1 =
1

λ1 sin2 θ1(α2 − β2)
(C1 − λ1αω1 cos2 θ1 + λ1βν1 sin2 θ1) ,

g′1 =
1

(α2 − β2)λ1 cos2 θ1
(D1 + λ1βω1 cos2 θ1 + λ1ν1α cos2 θ1) . (2.27)

where h′(m) = dh
dm and where C1,D1 are integration constants. In the same way we consider

the equation of motion for ψ2, φ2 with the result

h′2 =
1

(α2 − β2)λ2 sin2 θ1
(C2 + λ2 sin2 θ2βν2 − ω2αλ2 cos2 θ2) ,

g′2 =
1

(α2 − β2)λ2 cos2 θ2
(D2 + λ2βω2 cos2 θ2 + λ2ν2α cos2 θ2) , (2.28)

where again C2,D2 are integration constants. Let us now start to solve the Virasoro

constraints for the given model. The constraint Tτσ = 0 implies

gφ1φ1
αh′1(ν1 + βh′1) + gψ1ψ1

αg′1(ω1 + βg′1) + gθ1θ1αβθ
′2
1 +

+gφ2φ2
αh′2(ν2 + βh′2) + gψ2ψ2

αg′2(ω2 + βg′2) + gθ2θ2αβθ
′2
2 = 0 . (2.29)

– 7 –
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On the other hand the Virasoro constraints Tττ = Tσσ = 0 take the form

0 = gφ1φ1
[(ν1 + βh′1)

2 + α2h′21 ] + gψ1ψ1
[(ω1 + βg′1)

2 + α2g′21 ] + gθ1θ1(α
2 + β2)θ′21

+gφ2φ2
[(ν2 + βh′2)

2 + α2h′22 ] + gψ2ψ2
[(ω2 + βg′2)

2 + α2g′22 ] + gφ2φ2
(α2 + β2)θ′22

−κ2 + v2
r + v2

y . (2.30)

Now, if we combine these constraints as − (α2+β2)
αβ Tστ + Tττ we obtain

0 = −ν1C1 − ω1D1 − ν2C2 − ω2D2 + β(−κ2 + v2
r + v2

y) . (2.31)

Then if we use (2.27), (2.28) together with (2.31) in the constraint Tττ = 0 we obtain

(β2 + α2)(λ1θ
′2
1 + λ2θ

′2
2 )

=
(α2 + β2)2

(α2 − β2)2
(κ2−v2

r−v2
y)−

(α2 + β2)α2

(α2 − β2)2
(gφ1φ1

ν2
1 +gψ1ψ1

ω2
1)

(

gφ1φ1
gψ1ψ1

+ b2φ1ψ1

gφ1φ1
gψ1ψ1

)

− α2 + β2

(α2 − β2)2

[

C2
1

gφ1φ1

+
D2

1

gψ1ψ1

+ +2α
bφ1ψ1

gψ1ψ1
gφ1φ1

(D1ν1gφ1φ1
− C1ω1gψ1ψ1

)

]

−(α2 + β2)α2

(α2 − β2)2
(gφ2φ2

ν2
2 + gψ2ψ2

ω2
2)

(

gφ2φ2
gψ2ψ2

+ b2φ2ψ2

gφ2φ2
gψ2ψ2

)

−

− α2 + β2

(α2 − β2)2

[

C2
2

gφ2φ2

+
D2

2

gψ2ψ2

+ 2α
bφ2ψ2

gψ2ψ2
gφ2φ2

(D2ν2gφ2φ2
− C2ω2gψ2ψ2

)

]

(2.32)

This differential equation determines the most general evolutions of θ’s. As it is clear from

the above, solving for general θ is quite hard. Hence, in what follows we will analyze it in

some special situations.

2.1 Magnon solutions in R× S3
1

Let us start with the situation when θ′2 = h′2 = g′2 = 0 , ω2 = ν2 = 0. For our convenience,

we set D1 = λ1d, C1 = λ1c and κ2−v2
r−v2

y = λ1γ. Then, the above equation takes the form

θ′21 =
1

(α2 − β2)2

[

(α2 + β2)γ − α2(ν2
1 − ω2

1) − 2α(dν1 + cω1)

−(αω1 − c)2

sin2 θ1
− d2

cos2 θ1

]

. (2.33)

Let us write the above differential equation in the following form

θ′21 = A2 − B2

sin2 θ1
− d′2

cos2 θ1
, (2.34)

where

A2 =
1

(α2 − β2)2
[

(α2 + β2)γ − α2(ν2
1 − ω2

1) − 2α(dν1 + cω1)
]

,

B2 =
1

(α2 − β2)2
[

(αω1 − c)2
]

, d′
2

=
d2

(α2 − β2)2
. (2.35)

– 8 –



J
H
E
P
0
8
(
2
0
0
8
)
0
3
2

Then

θ′1 = A

√

(sin2 θ1 − sin2 θmin)(sin
2 θmax − sin2 θ1)

sin θ1 cos θ1
, (2.36)

where

sin2 θmax =
(A2 +B2 − d′2) +

√

(A2 +B2 − d′2)2 − 4A2B2

2A2
,

sin2 θmin =
(A2 +B2 − d′2) −

√

(A2 +B2 − d′2)2 − 4A2B2

2A2
. (2.37)

Let us try to find the solution when sin2 θmax = 1. This occurs when

D1 = 0 , with sin θmin =
B

A
. (2.38)

The final form of θ′1 is

θ′1 = A

√

sin2 θ1 − sin2 θmin

sin θ1
. (2.39)

Note that the range of θ1,min ≤ θ1 ≤ π
2 corresponds to the half of a magnon-like solution.

For the convenience, we call one element of the solitonic string solution having the magnon

shape as a magnon-like solution. Actually, the solution obtained here is a combination of

these magnon-like solution. So the number of the magnon-like solution contained in the soli-

tonic string solution is given by the followings. If the range of the string world sheet is given

by −π
2 ≤ σ ≤ π

2 for an open string, the number of magnon-like solution is determined by

π =

∫ π/2

−π/2
dσ =

2n

α

∫ π/2

θ1,min

dθ1
θ′1
, (2.40)

where n means the number of the magnon-like solutions. After calculating the last equa-

tion, the number of the magnon-like solutions is given by n = αA.

From now on, we will concentrate on the conserved quantities for magnon-like solutions

which will give a dispersion relation for one magnon-like solution. Using the definitions of

the conserved charges (2.21) they can be rewritten as the integral form over θ1

Pt =
1

πα′

κ

α
I, (2.41)

Py =
1

πα′

vy
α
I, (2.42)

Pr =
1

πα′

vr
α
I, (2.43)

Pφ1
= − λ1

πα′

1

α2 − β2

(

β

α
c+ αν1

)

I, (2.44)

Pψ1
= − λ1

πα′

c− αω1

α2 − β2

(

I − I ′
)

, (2.45)

where

I =

∫ π/2

θmin

dθ1
1

θ′1
=

π

2A
,

I ′ =

∫ π/2

θmin

dθ1
1

θ′1 sin2 θ1
=

π

2B
. (2.46)
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The angle difference in the φ1-direction is given by

∆φ1 =
2

α2 − β2

[

(c− αω1)I
′ + (αω1 + βν1)I

]

. (2.47)

To obtain the dispersion relation, we first consider the following quantity

P 2
t − P 2

r − P 2
y =

1

(πα′α)2
(κ2 − v2

r − v2
y) I

2

= − 1

(πα′α)2
λ1ν1c

β
I2 (2.48)

where the Virasoro constraints are used in the last equation. From the definitions of

charges, ν1c I
2 in the above equation can be determined in terms of other charges and the

angle difference

−λ1ν1c

β
I2 =

(πα′α)2

λ1

[

P 2
φ1

+
β4 − α4

2α2β2
P 2
φ1

− 2β

α
Pφ1

(Pψ1
− T1∆φ1) + (Pψ1

− T1∆φ1)
2

]

.

(2.49)

Finally, we obtain the dispersion relation

P 2
t − P 2

r − P 2
y =

1

λ1

[

P 2
φ1

+
β4 − α4

2α2β2
P 2
φ1

− 2β

α
Pφ1

(Pψ1
− T1∆φ1) + (Pψ1

− T1∆φ1)
2

]

=
1

λ1

[(

1 − α4 + β4

2α2β2

)

P 2
φ1

+ (
β

α
Pφ1

+ T1p− Pψ1
)2
]

, (2.50)

where T1 = λ1

2πα′ and we have identified the angle difference ∆φ1 with the world sheet

momentum p.

2.2 Magnon solutions on R× S3
1 × S3

2

The equations of motion for φi and ψi (i = 1, 2) are summarized as

h′i =
1

λi(α2 − β2) sin2 θi
(Ci − αλiωi cos

2 θi + βλiνi sin
2 θi) ,

g′i =
1

λi(α2 − β2) cos2 θi
(Di + αλiνi cos

2 θi + βλiωi cos
2 θi) . (2.51)

(2.32) becomes
2
∑

i=1

λiθ
′2
i =

α2 + β2

(α2 − β2)2
(κ2 − v2

r − v2
y) −

2
∑

i=1

Ki(θi), (2.52)

where

Ki(θi) =
1

(α2 − β2)2

[

λiα
2

sin2 θi
(ν2
i sin2 θi + ω2

i cos2 θi) +

[

C2
i

λi sin
2 θi

+
D2
i

λi cos2 θi

+
2α

sin2 θi
(Diνi sin

2 θi − Ciωi cos
2 θi)

]]

. (2.53)

Without loss of generality, we can set

λiθ
′2
i +Ki(θi) ≡ λiΓi , (2.54)
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where Γi are some constants satisfying λ1Γ1 + λ2Γ2 = α2+β2

(α2−β2)2
(κ2 − v2

r − v2
y).

When we set Di = 0 and Ci = λici, θ
′
i are given by

θ′i = Ai

√

(sin2 θi − sin2 θi,min)

sin θi
, (2.55)

where

A2
i = Γi −

α2

(α2 − β2)2
(ν2
i − ω2

i ) +
2αciωi

(α2 − β2)2
,

sin2 θi,min =
(αωi − ci)

2

A2
i

. (2.56)

In this background, the number of the magnon-like solution in each sphere is given by the

similar relation in eq. (2.40)

π =
2ni
α

∫ π/2

θi,min

dθi
θ′i

=
niπ

αAi
, (2.57)

where ni means the number of the magnon-like solution in i-th sphere. From the above

equation, the number of the magnon becomes ni = αAi. If we set the ratio between

magnon-like numbers as r ≡ n2

n1
, then this ratio is given by

r =
A2

A1
. (2.58)

From now on, we set a magnon-like solution as one in the first sphere, which corresponds

to r magnon-like solutions in the second sphere.

The conserved charges for a magnon-like solution are

Pt =
1

πα′

κ

α
I1, (2.59)

Py =
1

πα′

vy
α
I1, (2.60)

Pr =
1

πα′

vr
α
I1, (2.61)

Pφi
= − λi

πα′

1

α2 − β2

(

β

α
ci + ανi

)

Ii, (2.62)

Pψi
= − λi

πα′

ci − αωi
α2 − β2

(

Ii − I ′i
)

, (2.63)

∆φi =
2

α2 − β2

[

(ci − αωi)I
′
i + (αωi + βνi)Ii

]

, (2.64)

where

I1 =

∫ π/2

θ1,min

dθ1
1

θ′1
=

π

2A1
,

I ′1 =

∫ π/2

θ1,min

dθ1
1

θ′1 sin2 θ1
=

π

2B1
,
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I2 = r

∫ π/2

θ2,min

dθ2
1

θ′2
=

rπ

2A2
,

I ′2 = r

∫ π/2

θ2,min

dθ2
1

θ′2 sin2 θ2
=

rπ

2B2
, (2.65)

with B2
i = (αωi − ci)

2. Then the relation (2.31) κ2 − v2
r − v2

y = 1
β (−ν1C1 − ν2C2) can be

rewritten in terms of charges

P 2
t − P 2

r − P 2
y =

2
∑

i=1

1

λi

[

P 2
φi

+
β4 − α4

2α2β2
P 2
φi

− 2β

α
Pφi

(Pψi
− Ti∆φi)

+(Pψi
− Ti∆φi)

2

]

=

2
∑

i=1

1

λi

[

(

1 − α4 + β4

2α2β2

)

P 2
φi

+

(

β

α
Pφi

+ Ti∆φi − Pψi

)2
]

, (2.66)

where Ti = λi

2πα′ with i = 1, 2. This corresponds to the dispersion relation for the string

soliton on the I-brane background when the it moves simultaneously on both the spheres,

and this does not depend on the previous parameterization, Γi.

3. Discussion

In this paper we have studied the solutions for rotating strings in the background generated

by a 1+1 dimensional intersection of two stacks of five branes in type IIB string theory.

We have solved the motion of rotating string in this background and have analyzed the

dispersion relation among various conserved charges. We have taken advantage of the fact

there exists a parameter space where the motion in the two spheres effectively decoupled,

and one could study the single magnon like solution in this background. Knowing the

results of the present paper, it would be tempting to study the corresponding states in the

dual theory exactly in case of the AdS5× S5 background. It would certainly be interesting

to check whether these magnon solutions are BPS from the bulk theory view point, which

will give us clue about the boundary operators. We wish to come back to this issue in future.
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